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Abstract

The goal of this work is the development of an efficient gradient-basedmethod for topology optimization of continuum structures with
the objective of minimizing mass while taking finite-life high-cycle fatigue constraints into account. The topology optimization uses
a density approach and the fatigue constraints are formulated using Palmgren-Miner’s linear damage hypothesis, S-N curves, and the
Sines fatigue criterion. The large number of local fatigue constraints is reduced by using aggregation functions, and by making use
of the accumulative damage rule, an efficient adjoint sensitivity analysisis derived where the amount of adjoint problems to be solved
is independent of the amount of cycles in the load spectrum. The approach is limited to linear elastic problems, proportional loading
conditions, and quasi-static structural analysis, and the implementation is done for 2D continua. A number of benchmark examples are
presented and compared to mass minimized designs with constraints on vonMises stresses.
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1. Introduction

In this work the goal is to take fatigue constraints into account
in density based topology optimization of continuum structures.
The inclusion of local constraints in terms of fatigue damage con-
straints is challenging due to the large number of very nonlinear
constraints combined with the high number of design variables.
The same computational challenge is faced for stress constrained
topology optimization, where the traditional approach is to group
the many local constraints into few global stress constraints by
use of aggregation functions. The same approach is taken in this
work, and by the development of an efficient adjoint sensitivity
analysis it is demonstrated that the computational cost associated
with fatigue constraints is only slightly increased compared to
stress constraints in case of proportional loading conditions.

2. Outline of the approach

The approach is limited to linear elastic problems, propor-
tional loading conditions, and quasi-static structural analysis.
Thus, the vector of global reference displacementsû caused by
the reference load vector̂P is found by solving the equilibrium
state equation:

K (x̃ (x)) û = P̂ (1)

wherex contains density variablesxe for each elemente andx̃
are filtered density variables obtained using standard density fil-
tering.K is the interpolated global stiffness matrix computed us-
ing a modified SIMP approach where a penalization factorp = 3
is applied when interpolating the modulus of elasticityEe by:

Ee (x̃e (x)) = Emin + x̃e(x)
p (E0 − Emin) , x ∈ [0; 1] (2)

E0 is the Young’s modulus of the isotropic material andEmin ≪

E0 is a lower bound on the modulus, representing the material

stiffness of a void region. The element reference stressσ̂e caused
by the reference load can be found by:

σ̂e = x̃e(x)
q
EBûe (3)

E is the constitutive matrix for full material density,B is the
strain-displacement matrix, and the exponentq < 1 is intro-
duced to address the singularity phenomena by relaxing the de-
sign space [1, 2].

Based on the reference solution obtained for each reference
load, linear scaling is applied for the time-varying quasi-static
proportional loading condition, and the amplitude and mean
displacement and stress values are determined from traditional
rainflow-counting. The stress-based Sines criterion is applied as
a multi-axial fatigue criterion in order to obtain an equivalent uni-
axial stress̃σei for a given stress cyclei. This equivalent stress
can be related to an estimated amount of cycles to failureNei

using Basquin’s equation that represents a log-log straight line
S − N relationship. Expressed in stress reversals, theS − N
curve is given by:

σ̃ei = σ
′

f (2Nei)
b, ∀e, i (4)

Hereσ
′

f is the fatigue strength coefficient andb is the fatigue
strength exponent, corresponding to the slope of the log-log
S − N curve. This material-specific equation adds a very large
non-linearity to the analysis. In order to accumulate the damage
for the entire load spectrum, Palmgren-Miner’s linear damage hy-
pothesis is applied, such that the accumulated fatigue damageDe

in elemente is found by collecting all the fractions of damage
Dei caused by each load cyclei:

De =

nRF∑

i=1

Dei = cD

nRF∑

i=1

ni

Nei

≤ η, ∀e (5)

Here ni is the amount of reversals for all stress cyclesi =
1, . . . , nRF , andcD is a scaling parameter making the load his-
tory representative of the entire lifetime. The upper limitη is set
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to 1, and a global fatigue constraint is introduced by combining
all the element fatigue damages using a P-norm function.

The analytical sensitivity analysis is derived using the adjoint
approach, and the need for solving the adjoint equation for each
stress cyclei is eliminated by solving for the sum of all scaled La-
grange multipliers. This makes it possible to solve for very large
load series without a significant increase in computational cost,
and the approach is easily implemented for other stress-based fa-
tigue criteria.

3. Numerical Example

A 2D double-L shaped membrane structure is considered in
order to demonstrate the difference between stress constrained
and fatigue constrained minimum mass designs, see definition of
problem in Figure 1 a). The plate has a thickness oft = 0.02 m,
and the material applied is AISI 1020 HR steel. The material val-
ues are taken from [3]. The static reference load applied for the
stress constrained example iŝP = 75 kN , distributed onto six
elements at the vertical edge. In the fatigue constrained optimiza-
tion the load spectrum containsk = 1, 000 loads, and is defined
byPk = rand(P̂ ,−P̂ /2), ∀k. The default random number gen-
erator in MATLAB is applied, such that the loading conditions
can be recreated. The damage is scaled withcD = 10, 000. The
design domain is discretized using a discretization of9, 464 4-
node bilinear elements and the aggregation function is assigned a
highP -norm value ofP = 12.

The von Mises constrained design yields, as expected, a
symmetric design that minimizes the stress concentrations at the
edges, see Figure 1 b)-c). The fatigue constrained design is asym-
metric, and there is no connection to the upper fixed boundary, see
Figure 1 e)-f). This is due to the difference in mean stress effects

caused by the loading condition, which is not fully reversed. For
comparison, the von Mises stress distribution is also shown for
the fatigue constrained problem in Figure 1 f). The distribution
of element fatigue damages is seen to be very uniform, thereby
demonstrating the success of the optimization, see Figure 1 g). It
is seen by the iteration histories in Figure 1 d) and h) that sev-
eral more design iterations are needed for the fatigue constrained
problem which is due to the increased nonlinearity of the prob-
lem.

4. Concluding Remarks

A general method for finite-life fatigue optimization in case
of proportional loading conditions that includes the entire high-
cycle fatigue analysis directly in the optimization has been pre-
sented. Only one adjoint vector per constraint equation has to be
solved for every reference load vector. The method is not lim-
ited to 2D applications, and it is generic in the sense that other
stress-based fatigue criteria can be applied.
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Figure 1: Double-L membrane problem. The results from the stress constrained optimization are given in b), c) and d), while results
from the fatigued constrained problem are given in e), f), g) and h). In both cases the mass is reduced to 15% of the full density design.


