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Abstract

This work presents a numerical analysis of a sandwich plate (SP) with functionally graded (FG) core. The value of Young’s modulus
changes along the thickness of the SP core. A full three-dimensional (3D) model is applied to the numerical model which only
uses a two-dimensional (2D) in-plane mesh. The method is called FEM23, which means the 2D finite element method for a 3D model.
A special post-processing procedure, tailored specifically for FEM23, has been developed, which enables visualisation of all 3D results.
In FEM23, the spatial approximation is split into two – in-plane and transverse – parts. The order of transverse approximation for each
layer of the SP is appropriately adjusted. For the thick FG core, the 4th order approximation along the thickness is applied whereas for
the SP faces, the 1st order is deemed sufficient. The method is illustrated with a set of examples. In some of the examples, the results
are compared with other numerical or analytical solutions. The examples confirm the correctness, robustness and flexibility of FEM23
for SP.
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1. Introduction

In recent years, functionally graded (FG) materials have
found use in a wide range of modern applications. These kinds of
materials are used in structures which must satisfy very strict re-
quirements, for example due to severe operating conditions. The
mechanical properties of FG materials change smoothly along
certain direction. It allows them to maintain high specific stiff-
ness in contrast to classical composites where there are stress dis-
continuities at layer-interfaces. A great number of theories have
been proposed by researchers in order to properly describe the
mechanical behaviour of FG materials, see [1].

The sandwich plate (SP) analysed in this paper consists of
two faces (upper and lower thin layers) and the middle thick layer,
here referred to as the core. The core is made of a FG mate-
rial, see Fig. 1. Poisson’s radio is constant in the core, whereas
Young’s modulus changes along the plate thickness. A two- di-
mensional (2D) numerical model has been formulated for a ro-
bust full three-dimensional (3D) numerical analysis using FEM23
(3D finite elements method on a 2D mesh) [2, 3]. It means that
although only a 2D discretisation is performed for the whole SP,
yet full 3D results are obtained.

FEM23 is particularly suitable for use in analysis of homo-
geneous plates. In this method, the in-plane approximation or-
der results from the orders of finite elements (FE) in a 2D mesh,
while in the transverse direction the approximation may change
from the 1st up to the 4th order, depending on the plate thickness.
Afterwards, if a smart assembling procedure in FEM23 is used,
the analysis may be employed for layered plates as well. FEM23
is completed with special post-processing in which full 3D results
may be visualised.

In the analysed SP, the skins are very thin, whereas the core is
thick in relation to other dimensions of the plate. Thus, in FEM23
the 1st order of transverse approximation for skins is sufficient.
For the core, the 4th order approximation along its thickness has

to be used to accommodate the non-uniform material properties.
In the final results, stress jumps are expected in the face-core in-
terfaces.

y

x

z

ba

hf
hc
hf

Figure 1: Sandwich plate.

2. Mathematical model

As has been mentioned in the Introduction, FEM23 for multi-
layered structures initially dedicated for homogeneous materi-
als now can also be used for functionally graded (FG) materials
along plate thickness. The mathematical model of the considered
problem is composed of a variational equilibrium equation with
appropriate boundary conditions:∫
Sσ

v· t̂ dS −
∫
V

ε(v) : E : ε(u) dV = 0

u = û on SD
(1)

where v is the test function with condition v = 0 on SD , σ
is the stress tensor, t̂ is the prescribed traction forces vector, u
is the displacement vector and û is the prescribed displacement
vector, SD is the part of the boundary where displacement û is
prescribed, E is Hooke’s tensor, which for SP core changes along
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thickness. The Cauchy strain is used in eq. (1) that is defined as
symmetric part of the gradient tensor ε(v) = ∇sv.

A clear distinction needs to be made in FEM23 between in-
plane and transverse directions. It refers to spatial approximation
integration and differentiation. In this context, eq. (1) may be
rewritten to adopt the following form:

∫
Sm

h
2∫

−h
2

∂v

∂z
·E1·

∂u

∂z
dz dS

+

∫
Sm

h
2∫

−h
2

(
∂v

∂z
·E2 : ∇̄u + ∇̄vT : E3·

∂u

∂z

)
dz dS

+

∫
Sm

h
2∫

−h
2

∇̄vT : E4 : ∇̄u dz dS =

∫
Sσ

v· t̂ dS

(2)

where Sσ is the part of the boundary where tractions t̂ are pre-
scribed, Ei are the appropriate parts of the Hooke’s tensor, ∇̄ is
the in-plane gradient operator, h is the thickness of plate and Sm

is the in-plane surface.
Every integral along the plate thickness is substituted by

closed Gauss integration schemes
h
2∫

−h
2

g(x, y, z) dz =

ng∑
i

wi g(x, y, zi) (3)

where ng is the number of integration points, zi are the inte-
gration points and wi are the integration weights. The order of
Gaussian quadrature in eq. (3) has to be adjusted to the order of
transverse approximation and level of material grading. Taking
into account eq. (3) the eq. (2) is described only on Sm surface
in which the 2D FE mesh is constructed.

3. Approximation

FEM23 requires special 3D spatial approximation in which
the in-plane and transverse components are strictly decomposed.
The first up to fourth order transverse approximation may be
used, but – for the sake of clarity – only the 1st order is presented
here. In that case the displacement 3D approximation takes the
following form:

u(x, y, z) = N1(z)uu(x, y) +N2(z)ul(x, y) (4)

where uu and ul are the displacement vectors on upper Su and
lower Sl plate surfaces, respectively. Functions N1 and N2 are
1D first order Lagrange polynomials. The displacements vectors
uu and ul are approximated in space (x, y) by a shape function in
2D mesh, and these vectors are approximated by the same shape
functions Φ(x, y) constructed in the 2D mesh:

uu(x, y) = Φ(x, y)ǔu , ul(x, y) = Φ(x, y)ǔl (5)

where ǔu and ǔl are vectors of degrees of freedom for vectors
uu and ul, respectively.

4. Examples

A series of examples have been presented in this work. Some
of them have been taken from other sources, e.g. from [4, 5]. In
one of the examples, following [4], the subject of analysis is a
simply supported beam. Two cases of Young’s moduli change in

the core are assumed, as shown in Fig. 2. This example is calcu-
lated as SP with planar dimensions a × b = 0.3 × 0.06 m. The
thickness for the core and faces are hc = 20 mm and hf = 0.3
mm, respectively. Young’s moduli for the material used for faces
is Ef = 50 GPa and Poisson’s radio for the faces and core are
νf = 0.25 and νc = 0.35, respectively. The plate is subjected to
uniform pressure – case (a) or sinusoidal pressure – case (b) . The
result of the analysis by FEM23 in the form of map of σxx on the
deformed plate for case (b) is presented in Fig. 3. The stresses
are concentrated on the faces, whereas the level of stresses in the
core are hundreds times smaller. The obtained results are compli-
ant with those shown in [4].
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Figure 2: Variation of Ec for sandwich plate.

Figure 3: Map of σxx [Pa] on deformed sandwich plate, case (b).

5. Conclusions

In this work, bending of an SP with a FG core is numerically
analysed by FEM23. The faces of the SP are very thin and, on
the other hand, the core is thick and FG along its thickness. A
full 3D analysis is obtained, although only a 2D in-plane mesh
is used. The accuracy of the method has been tested with the
use of some known solutions as well as by comparison with the
analytical solution and the well-established FEM procedures.
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