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Numerical solution of Lord-Shulman thermopiezoelectricity dynamical problem
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Abstract

We consider a generalized Lord-Shulman model of linear thermopiezoelectricity. The corresponding variational problem is formulated
based on the initial boundary value problem. Then the variational problem is semi-discretized in space using Galerkin method with
finite element method approximations. For complete discretization of the problem, the implicit one-step recurrent scheme for time
integration is constructed. The numerical experiment is performed and its results are compared with the ones obtained by the other
researchers.
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1. Introduction

A lot of non-stationary thermoelasticity problems for piezo-
electric materials can be satisfactorily solved by applying gen-
eralized models of thermopiezoelectricity, among them Lord-
Shulman model (LS-thermopiezoelectricity), see Ref. [2].

In this paper we present a numerical scheme for LS-
thermopiezoelectricity problem based on finite element approx-
imations in space and implicit one-step recurrent scheme for time
integration. Relying on our recent results on well-posedness
of variational formulation of LS-thermopiezoelectricity problem,
see Ref. [6], we can prove that the numerical scheme is uncondi-
tionally stable and has the second order of convergence.

2. Problem statement

The theory of thermopiezoelectricity describes the coupled
interaction of mechanical, electrical and thermal fields in piezo-
electric materials.

Suppose the piezoelectric specimen occupies a bounded do-
main Ω in Euclidean space Rd, d = 1, 2, or 3 with Lipschitz
boundary Γ. According to the classic theory, we need to find
elastic displacement vector u = u(x, t), electric potential p =
p(x, t) and temperature increment θ = θ(x, t), which satisfy the
system of coupled equations of motion, Maxwell‘s equations in
electrostatic approximation and heat conduction equation. The
system is complemented by initial and boundary conditions.

In Lord-Shulman model of thermopiezoelectricity, see
Ref. [3], instead of standard Fourier‘s law, the Maxwell-Cattaneo
equation is used:

τq′i + qi = −λijθ,j . (1)

Here q = {qi}di=1 is a heat flux vector, prime ′ means time
derivative, λij is a tensor of heat conductivity coefficients. The
parameter τ > 0 is so-called "relaxation time". This modification
ensures finite speeds of heat wave propagation. Like in Ref. [1],
we treat q = q(x, t) as an additional independent variable.

3. Variational problem statement

We introduce the spaces of admissible displacements V , elec-
tric potentials X , temperature increments Y , heat fluxes Z and
notations Φ = V ×X ×Y ×Z, H = [L2(Ω)]d. After applying
the principle of virtual works to the initial boundary value prob-
lem of LS-thermopiezoelectricity, we obtain the following varia-
tional problem: given ψ0 = (u0, p0, θ0,q0) ∈ Φ, v0 ∈ H and
(l, r, µ) ∈ L2(0, T ; Φ′); find ψ = (u, p, θ,q) ∈ L2(0, T ; Φ)
such that

m(u′′(t),v) +a(u′(t),v) +c(u(t),v)−
−e(p(t),v) −γ(θ(t),v) =< l(t),v >,

χ(p′(t), ξ) +e(ξ,u′(t)) +z(p(t), ξ)+
+π(θ′(t), ξ) =< r(t), ξ >,

s(θ′(t), η) +π(η, p′(t)) +γ(η,u′(t))−
−g(q(t), η) =< µ(t), η >,

τb(q′(t), ζ) +b(q(t), ζ) +g(ζ, θ(t)) = 0
∀ t ∈ (0, T ] ,

b(q(0)− q0, ζ) = 0 c(u(0)− u0,v) = 0,
χ(p(0)− p0, ξ) = 0, s(θ(0)− θ0, η) = 0,
m(u′(0)− v0,v) = 0, ∀φ = (v, ξ, η, ζ) ∈ Φ.

(2)

Here linear forms < l(t), · >,< r(t), · >,< µ(t), · > repre-
sent the mechanical, electric and heat loadings correspondingly.
Bilinear form m(u,u) defines kinetic energy of piezoelectric,
a(u′,u′) is responsible for viscosity effect, c(u,u) defines po-
tential energy, e(p,v) determines interaction between electric
and mechanical fields, γ(η,u′(t)) describes interaction between
thermal and mechanical fields, χ(p, p) defines electric energy,
z(p, p) determines electric energy losses, π(θ, ξ) describes the
interaction between electric and heat fields, s(θ, θ) determines
heat energy, for details see Ref. [5]. The definitions of bilinear
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forms b(·, ·) and g(·, ·) are shown below:

b(q, ζ) =
∫
Ω

bijqiζjdx,

g(ζ, η) =
∫
Ω

T−1
0 ζkη,kdx ∀η ∈ Y, ∀q, ζ ∈ Z.

(3)

Here bij are converse coefficients of heat conductivity, T0 is the
initial temperature of the piezoelectric specimen, η,k means spa-
tial derivative by xk. In our recent paper Ref. [6] we proved the
well-posedness of this variational problem.

4. Implicit one-step recurrent scheme

For discretization in space we utilize Galerkin method and fi-
nite element method for choosing the bases of finite-dimensional
subspaces. For discretization in time, we use our developed tech-
nique similar to the one described in our previous works (it is ac-
tually a combination of Newmark and Crank-Nicolson schemes),
see Ref. [4]. As a result, we obtain the following numerical
scheme:

given ∆t > 0, τ > 0, 1 ≥ β ≥ γ ≥ 0,

(U̇ j , U j , P j ,Θj , Qj);

find vector (Ü j+ 1
2 , Ṗ j+ 1

2 , Θ̇j+ 1
2 , Q̇j+ 1

2 ) such that
M̃ −∆tγET −∆tγY T 0

∆tγE X̃ ΠT 0

∆tγY Π S −∆tγGT

0 0 ∆tγG B̃

×

×


Ü j+ 1

2

Ṗ j+ 1
2

Θ̇j+ 1
2

Q̇j+ 1
2

 =


L̃

Rj+1/2 − EU̇ j − ZP j

Fj+1/2 − Y U̇ j +GTQj

−GΘj −BQj



,

(4)

where M̃ = M + ∆tγA +
1

2
∆t2βC, X̃ = X + ∆tγZ,

B̃ = τB + ∆tγB, L̃ = Lj+1/2 − AU̇ j − CU j −∆tγCU̇ j +

ETP j + Y T Θj . Variables Ü j+ 1
2 , Ṗ j+ 1

2 , Θ̇j+ 1
2 , Q̇j+ 1

2 define
the elastic acceleration, time rate of electric potential, time rate
of temperature increment and time rate of heat flux propagation
correspondingly, which are assumed to be constants on the time
interval [tj , tj+1]. The nodal values of the solutions at time mo-
ment tj+1 can be then calculated using the following expressions:

U j+1 = U j + ∆tU̇ j +
1

2
∆t2Ü j+ 1

2 ,

P j+1 = P j + ∆tṖ j+ 1
2 , Θj+1 = Θj + ∆tΘ̇j+ 1

2 ,

Qj+1 = Qj + ∆tQ̇j+ 1
2 , j = 0, 1, ..., NT − 1.

(5)

The values U̇0, U0, P 0,Θ0, which are necessary for starting cal-
culations by one-step recurrent scheme Eqn (4)-(5), are easily
obtained from the initial conditions of the problem. The afore-
mentioned numerical scheme is unconditionally stable and has
the second order of convergence.

5. Numerical experiment

We consider a piezoelectric bar of length L = 10−8m made
of PZT-4 ceramics, Ref. [7]. The behavior of the bar is examined
during the time interval [0, T ], T = 11.2 · 10−12s. The bound-
ary conditions for temperature increment θ are supposed to be as
follows:

θ(0, t) = θc

{ t
tp
, 0 ≤ t ≤ tp

1, tp ≤ t ≤ T
, θc = 293K,

θ(L, t) = 0, 0 ≤ t ≤ T
(6)

where tp = 10−12s. The boundary conditions for mechanical
and electric fields are pure Neumann conditions. The initial dis-
turbances of elastic displacement u, its velocity u′, electric po-
tential p and heat flux q are taken to be zeros. Thus, our exper-
iment reproduces the one described by Sumi and Ashida in Ref.
[7]. They used method of characteristics for solving the problem,
we solve the problem using our one-step recurrent scheme and
compare the obtained results with theirs.

For discretization in space we divide the interval [0, L] into
N = 512 finite elements with piecewise quadratic approxima-
tion. For time discretization we divide uniformly the time inter-
val [0, T ] into NT = 1200 subintervals. The parameters of the
one-step recurrent scheme are taken γ = 0.5 and β = 0.6.

Figure 1 shows the time variations of the temperature incre-
ment θ for values of relaxation time τ = 10−11, 10−12, 10−14s
respectively. The graphics indicate the significant influence of
the relaxation time τ on the behavior of piezoelectric. Also, our
results for the temperature agree with those presented in Ref. [7],
both qualitatively and quantitatively.

Figure 1: Time variations of temperature increment θ at positions
x = 0, x = 0.1L and x = 0.3L for the PZT-4 bar for values of
relaxation time τ = 10−11, 10−12, 10−14s.

References

[1] Chandrasekharaiah D. S., A generalized linear thermoelas-
ticity theory for piezoelectric media, Acta Mechanica, 71(1-
4), pp. 39-49, 1988.

[2] Hetnarski R.B., Ignaczak J., Generalized thermoelasticity,
J. Thermal Stresses, 22, pp.451-476, 1999.

[3] Lord H., Shulman Y., A generalized dynamical theory of
thermoelasticity, J. Mechanics and Physics of Solids, 15,
pp. 299-309, 1967.

[4] Shynkarenko H., Projection-mesh approximations for pyro-
electricity variational problems. II. Discretization and solv-
ability of non-stationary problems, Differential Equations,
30(2), pp. 317-325, 1994. (in Russian)

[5] Stelmashchuk V., Shynkarenko H., Numerical solution
of Lord-Shulman thermopiezoelectricity forced vibrations
problem, J. Computational & Applied Mathematics, 122,
pp. 106-119, 2016.

[6] Stelmashchuk V.V., Shynkarenko H.A., Well-posedness of
Lord-Shulman thermopiezoelectricity variational problem,
Mathematical Methods and Physicomechanical Fields, in
press.

[7] Sumi N., Ashida F., Solution for thermal and mechanical
waves in a piezoelectric plate by the method of characteris-
tics, J. Thermal Stresses, 26, pp. 1113-1123, 2003.


