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Abstract 
 

In the paper the soft tissue freezing process is considered. The tissue sub-domain is subjected to the action of cylindrical cryoprobe. 
Thermal processes proceeding in the domain considered are described using the dual-phase lag equation (DPLE) supplemented by 
the appropriate boundary and initial conditions. DPLE results from the generalization of the Fourier law in which two lag times are 
introduced (relaxation and thermalization times). The aim of research is the identification of these parameters on the basis of 
measured cooling curves at the set of points selected in the tissue domain. To solve the problem the evolutionary alghoritms are used. 
The paper contains the mathematical model of the tissue freezing process, the very short information concerning the numerical 
solution of the basic problem, the description  of the inverse problem solution and the results of computations 
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1. Introduction 

The typical tissue freezing model is based on the Pennes 
equation (e.g. [1, 2]) in which the parameter called a substitute 
thermal capacity is introduced [3, 4]. Recently, however, 
prevails the view that a better approximation of the processes 
proceeding in the domain of the heated or cooled soft tissue are 
the models using the Cattaneo-Vernotte equation [5] or the 
dual- phase lag equation [4, 6]. It results from the specific inner 
structure of the material considered.  

The DPLE contains the second derivative   of temperature 
with respect to time and also the mixed derivative both in time 
and space.  The typical boundary conditions given on the outer 
surface of the system have also the another form than the 
classical ones. As mentioned, the equation discussed contains 
two additional parameters this means lag times  τq  and τT  
(relaxation and thermalization times). 

To take into account the tissue freezing process the 
approach called the one domain method (e.g. [3, 4]) can be 
applied. The evolution of the freezing latent heat is determined 
by the substitute thermal capacity.  It turned out that the same 
parameter can be introduced to the dual-phase lag equation (see: 
next Chapter). 

At the stage of numerical modeling of the basic problem the 
finite difference method has been used. In particular, the 1D 
problem for the domain oriented in the cylindrical co-ordinate 
system has been considered (it results from the experimental 
data available in the literature [7] and concerning the tissue 
freezing exposed to the cylindrical cryoprobe action). 

The inverse problem consisting in the determining of lag 
times was solved using the evolutionary algorithms (e.g. [8]). 

In the final part the results of computations  are shown and 
the conclusions are formulated. 

2. Governing equations 

      The dual-phase lag equation results from the generalized form 
of the  Fourier  law q (x, t) = – λ ∇T (x, t), this means 

( , τ ) λ ( , τ )q Tx t T x t+ = − ∇ +q  (1) 

where q is a heat flux vector,  λ is a thermal conductivity, x, t 
denote the geometrical co-oridinates and time. 
After not very complex mathematical manipulations one obtains 
the diffusion equation in the form 
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where c is a volumetric specific heat, Q (x, t) is a capacity of 
internal heat sources, in particular 
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where wB (T) [kg/(m3 s)] is the blood perfusion rate, cB is the 
specific heat of blood, TB is   the  arterial  blood temperature, 
Qm (T) is the metabolic heat source, L is a freezing latent heat,  
fS is a frozen state fraction at the neighborhood of the point 
considered. A form of perfusion heat source results from the 
assumption that the soft tissue is supplied by the big number of 
capillary blood vessels uniformly distributed in the tissue domain. 
The local capacity of heat source connected with the freezing 
process is proportional to the local freezing rate [4]. It should be 
pointed out that the blood perfusion rate and the metabolic heat 
source are equal to zero for the frozen region (T< T2), while for 
the intermediate one the linear changes starting from the point 
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T= T1 (corresponding to the natural state of tissue) are taken into 
account. 

The internal  heat source connected with the freezing process 
can be transformed to the form 
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If the course of the function  fS (x, t)  in the intermediate region 
is assumed to be a linear one 
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then in the equation (2) in the place of c the parameter 
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called a substitute thermal capacity appears. Additionally the 
last term in equation (3) and its derivative ( , ) /F qQ x t t∂ ∂  

disapears. In equation (6) cP  is the volumetric specific heat of 
intermediate sub-region. Finally,  in equation (3) the parameter 
C has a form of the piece-wise constant function. The similar 
course of the thermal conductivity is also assumed. 

On the contact surface between cryoprobe tip and skin 
tissue the Dirichlet condition (Fig. 1) is given, while on the 
external part of the cylindrical domain the adiabatic boundary 
condition is taken into account. Additionally, for t = 0 the initial 
tissue temperature and the initial cooling rate are known. 

At the stage of numerical computations the authorial 
program basing on the explicit scheme of the FDM for axially-
symmetrical domains has been used. 

3. Inverse problem 

To solve the inverse problem the least squares criterion is 
applied 
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where f
d iT  and ( ),f f

i iT T x t=  are the known temperatures 

distribution and estimated temperatures, respectively, M is the 
number of sensors. The minimum of functional (7) has been 
found using the evolutionary algorithms (e.g. [8]). In this paper 
the  problem of τq  and τT identification is discussed (c.f. eq. (2)). 

In Table 1 the evolutionary algorithm parameters are 
collected. In Figure 1 the cooling curves at the points located at 
different distances from the cryoprobe surface and experimental 
data are shown, while in Figure 2 the process of identification 
using the evolutionary algorithm is presented. 

 

Figure 1: The cooling curves and experimental data 

 

Figure 2: Inverse problem solution using evolutionary algorithm 
 
Thermophysical parameters of tissue are taken from [4]. The 
radius of croprobe tip equals 4 mm. The cryoprobe is surround-
ed by the tissue with the radius 0.1 m (this large size is intended 
to provide the correctness of assumption concerning the 
adiabatic conditions on the lateral surface of the domain). 
 
Table 1: Evolutionary algorithm parameters 
No of generations 30 
Number of chromosomes 10 
Prob. of uniform mutation 20% 
Prob. of nonuniform mutation 30% 
Prob. of arithmetic crossover 50% 
Prob. of cloning 10% 

4. Conclusions 

Generally speaking the solution of the inverse problem 
discussed on the basis of the experimental data concerning the 
local and temporary temperatures in the tissue domain is quite 
satisfactory. 
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